Is noncommutativity related with the smallness of A?. 
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In this letter we study the effects of a noncommutative minisuperspace, including matter degrees 
of freedom on a FRW universe with cosmological constant. In this setting the vacuum energy density 
can be calculated to be of the same order as the observed energy density of the universe. 
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The cosmological constant problem has been addressed 
by means of different approaches for several years and 
still today remains as one of the central issues of not 
only modern day cosmology but also particle physics [l| . 
The remarkable discovery and confirmation of the accel- 
eration of the universe is usually attributed to a small, 
non- vanishing A. Unfortunately there is no known mech- 
anism that guarantees a zero or nearly zero value for A 
in a stable or metastable vacuum. This has been compli- 
cated by the fact that is associated energy density has a 
similar value as that of the energy of present day matter. 
These and other questions connected to the cosmological 
constant can be casted as three fundamental problems: 
why is the cosmological constant so small?, why it is not 
zero? and why is it comparable to the matter energy- 
density (cosmic coincidence)?. The apparent impossibil- 
ity of addressing these questions has lead to speculate 
on the necessity of an anthropic principle [2] , but several 
alternatives have been suggested (see |3| and references 
there in). 

In this paper we will focus on the first question (as 
nicely put by Polchinski [l| "it is hard enough"), also 
known as the "old cosmological constant problem". In 
a more precise manner, why is the effective cosmologi- 
cal constant J^eff so close to zero. The different con- 
tributions to the vacuum energy density, from ordinary 
particle physics should give a value for (p) of order , 
which should be canceled by the bare value of A. This 
cancellation has to be better than 10~^^^ if we com- 
pare the zero-point energy of a scalar field, using the 
Planck scale as a cut-off, to the experimental value of 
(pobs) ~ IQ-'^'^iGeV)*. This incredible de gree of fine 
tuning, suggests that we are missing important physics. 
Then its likely that the correct way to interpret the tiny 
value of the cosmological constant by conventional quan- 
tum field theory is not the whole story. This has lead 
many authors to try different approaches to dark energy. 
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One interesting possibility lies in the old idea of non- 
commutative space-time This idea has seen renewed 
interest as a consequence of the developments in M- 
theory and string theory d, But still one can ask 
of the relevance of noncommutativity in the cosmologi- 
cal scenario or its relevance at the early universe. In 
quantum gravity the measurement of length is limited 
to distances grater that Ip, because in order to locate 
a particle we would need an energy grater then Mp. 
The corresponding gravitational field will have an hori- 
zon R = '^'-^f'' = 2Lp. Therefore a minimal size should 
exist for quanta of space and time configurations. This 
can be written as an uncertainty relationship between 
the space-time coordinates, that would arise from a non 
zero commutation relation between the coordinate oper- 
ators. From this, one would expect that at very early 
times of the universe non trivial effects of noncommuta- 
tivity be present. In order to consider noncommutativity 
among the gravitational variables one would, in principle, 
need a noncommutative theory of gravity [3, . Because 
we are interested in the very early universe we would 
need more than this, we need a noncommutative quan- 
tum theory of gravity. This seems today an impossible 
task, as we still do not even have a final quantum the- 
ory of gravity [9*], much less a noncommutative one. To 
try to understand the possible influence of noncommu- 
tativity at the beginning of our universe we will make 
use of a previously proposed formalism [lol|. The main 
ingredients of this proposal are: quantum cosmology in 
the minisuperspace approach, whose variables are the 3- 
metric components in a finite configuration space. This 
formalism has the advantage that the inclusion of mat- 
ter is straight-forward. By considering these models one 
freezes out degrees of freedom and the canonical quanti- 
zation of these minisuperspace models gives the Wheeler- 
DeWitt equation (WDW). On the other hand more gen- 
eral analysis suggest that conditions can be found to jus- 
tify the minisupespace approach and presume the behav- 
ior of the wave function as fundamental (l^ . If one con- 
siders string theory, general relativity and consequently 
the WDW equation, corresponds to the s-wave approxi- 
mation (Tlj . Secondly, space-time noncommutativity has 
as a consequence that the fields do not commute. In a 
more specific manner this is due to the Moyal product 

. To introduce this elements we take into account 
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the procedure to generalize usual quantum mechanics 
to its noncommutative version [3]. Having the WDW 
equation to describe the quantum evolution of the uni- 
verse and being the "coordinates" of these models the 
fields, it was assumed that the variables do not commute. 
Then, an effective noncommutativity was defined in the 
minisuperspace from which the quantum evolution of the 
Kantowski-Sachs cosmology was studied [10]. In particu- 
lar in the last few years there have been several attempts 
to study the possible effects of noncommutativity in the 
cosmological scenario. In [ij] it is argued that there is 
a possible relation between the 4D cosmological constant 
and the noncommutative parameter of the compactified 
space in string theory. In [l5l | the effects of noncommu- 
tativity during inflation are explored, but noncommuta- 
tivity is only incorporated in the scalar field neglecting 
the gravitational sector. We will consider a model in our 
4D space-time and noncommutativity in both the grav- 
itational and matter sectors. In our approach we don't 
intend to explain the origin of the cosmological constant, 
however, we will show that by means of minisuperspace 
noncommutativity a small cosmological constant arises. 
It alleviates the discrepancy between the calculated and 
observed vacuum energy density. Actually in [l[, it is 
suggested that the cosmological constant problem might 
require a form of UV/IR mixing, and this is a natural fea- 
ture of noncommutative quantum field theory [16|. By 
combining these different ideas a simple toy model can 
be constructed. 

Our starting point is a very conventional action, com- 
posed by the gravity sector, the matter sector and cos- 
mological constant A 



Stot — Sg + Sm — 



^[i?- A + £,„]. (1) 



This simple model of a time independent cosmological 
constant is completely consistent with all the available 
data. Although, some dynamics might be responsible for 
dark energy, the sensitivity of current observations yields 
no evidence of evolving dark energy. This model can be 
considered a solid model for the evolution of the universe 
3 (except of course, for the high degree of fine tuning). 

For the homogeneous, flat and isotropic Friedmann- 
Robertson- Walker (FRW) metric 



we define a{t) = e"'-*' as the scale factor and N{t) is the 
lapse function. In order to find the dynamics of the uni- 
verse, we simply solve Einstein equations. We may also 
proceed by a minisuperspace formalism through hamil- 
tonian dynamics. If we prefer a scmiclassical approxima- 
tion to the WDW equation can be used, of course the 
method used to find the classical solutions is irrelevant 
as they are all equivalent. In particular we choose the 
gauge N{t) = e^" and as Cm only the kinetic term for a 
scalar field (j) with initial momentum i-^^ (this choice of 
matter content is motivated since it is the simplest one 



that gives the appropriate density perturbations, that are 
the seeds for structure formation). We are interested in 
calculating the vacuum energy an need then the scalar 
field. 

The solution for the scale factor is given by 
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(3) 

Although, this equation may seem a little awkward, it 
describes the appropriate dynamics in the gauge we have 
chosen. That means that the clock we are using to mea- 
sure time is different that the usual one in order to get 
the results in cosmological time we would need to set 
N{t) = 1. We have, however, the freedom to choose N{t) 
and assumed this particular choice of gauge because the 
effects we want to show can be seen more clearly. 

As mentioned at the beginning of this letter, we want 
to apply noncommutativity to this model, unfortunately 
to use a noncommutative theory of gravity is a very dif- 
ficult ordeal. For this we will follow one starts by 
calculating the Haniiltonian from Eq.([T]) together with 
the FRW metric. This gives a Hamiltonian as a function 
of the minisuperspace variables a, 4> and their canon- 
ical momenta. After canonical quantization, this vari- 
ables are promoted to operators as in usual quantum 
mechanics and finally arriving to the WDW equation. 
Following [l3, [3, the introduction of noncommutativ- 
ity is achieved by a noncommutative deformation of the 
minisuperspace variables is assumed 



(4) 



this can be seen as an effective noncommutativity that 
could arise from a fundamental noncommutative theory 
of gravity. For example, if we start with the Lagrangian 
derived in Q (this is a higher order Lagrangian and is 
expanded in the usual noncommutative parameter), the 
noncommutative fields are a consequence of noncommu- 
tativity among the coordinates 0, [l3| ^^nd then the min- 
isuperspace variables would inherit some effective non- 
commutativity. This we assume to be encoded in 
otherwise we would have a very complicated Hamiltonian 
for the higher order Lagrangian. 

This effective noncommutativity can be formulated in 
terms of product of functions of the minisuperspace vari- 
ables, with the Moyal product of functions. We know 
from noncommutative quantum mechanics [l3| that the 
modified commutator for the operator associated to the 
coordinates can be returned to the original commutative 
relations if we introduce the following change of variables 



\Pa, and 



\Pa- It is also easy to show 



a — > o 

[13], that the efects of the Moyal star product are re- 
flected in the WDW equation only through a shift in the 
potential y(a,(^)*^'(a,(/)) = l^(a-h§P0, 0-|Pa)^'(a, </>). 
Applying this to the WDW equation corresponding to 
action ([T]) we can write 



1 9^ 
24 9^ 



55 + ^^'"°- 



.a a N 

'23*' 



*(«,</.) =0. (5) 



3 



this is then the noncommutative WDW equation 
(NCWDW) and its solutions give the quantum descrip- 
tion of the noncommutative universe. In the authors 
arrive to a similar equation, but they are interested only 
in the quantum epoch of the Kantowski-Sachs universe, 
this is done by solving the NCWDW equation and plot- 
ting the probability density after forming a wave packet. 
Our model will exhibit essentially the same behavior; for 
particular values of 9 different maxima on the probabil- 
ity density appear, there is one absolute maximum which 
corresponds to the most probable state of the universe. 
There are also several other maxima that correspond 
to different "universes" that can be considered as sta- 
ble states. This idea is reminiscent of the string theory 
landscape [ll. [l8l|. where many stable vacua are present, 
each vacuum is a local minimum of the superpotential 
and corresponds to a possible universe. In our case we 
have several probable universes and each corresponds to 
a local maximum of the probability density. 

We have introduced noncommutativity at the quan- 
tum level at the beginning of the universe, when it was 
at a quantum state from which it evolved to the classical 
FRW universe with cosmological constant. If we want to 
analyze any imprint at our epoch of the noncommutativ- 
ity present at the birth of the universe, we should derive 
from the NCWDW equation the classical evolution. In 
order to achieve this we find the temporal evolution of our 
noncommutative cosmology by a WKB type procedure. 
For this we propose that the noncommutative wave func- 
tion has the form *jvc(a,0) « e''^SNci{<y-)+SNC'2{'t>)) ^ we 
also take the limit in which the second derivatives of Smc 
are smaller that the first derivative squared |S'^d << 
I'^ivcl^- With these approximations tof^"^^"'- ""+1- 

identification Pq„c — ^^^da^^ ^'^'^ ^<t>N( 
find the time dependent solutions for q;„ 
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Comparing this result with the commutative one, we find 
that the classical evolution of the commutative and non- 
commutative universes is remarkably the same. From 
this we can be confident that the phenomenology de- 
scribed by the commutative model can also be explained 
by the noncommutative model. By comparing solutions 
^ and (O we can establish the relationship 



A. 



Ae 



(7) 



so the expansion of the universe described by either the 
commutative or the noncommutative model is the same 
and the difference is the value of the cosmological con- 
stant. This is a very suggestive result, which implies 
that if we consider a noncommutative universe, the stan- 
dard value of the cosmological constant is significantly 



reduced eliminating the necessity of the high degree of 
fine tuning. On the other hand, one can argue that this 
simple model can be modified adding other kind of mat- 
ter for latter stages of the universe to explain other cos- 
mological observations. However, this can be done as in 
the commutative model, because a modified cosmologi- 
cal constant is the only remnant of the noncommutative 
quantum universe. 

As stated at the beginning the problem of the smallness 
of A actually means that the rate of (pobs) to (pvac) cal- 
culated from ordinary particle physics is of order 10^^^^. 
With this in mind and given the behavior of A„c we at- 
tempt to find the value of the vacuum energy density 
{pvacjnc in our noncommutative minisuperspace model. 
To calculate the vacuum energy one starts with the en- 
ergy momentum relationship, write down the Fourier 
transform of the fields and integrate to a cut-off scale. 
Even though, as mentioned, we have not made use of a 
particular noncommutative theory of gravity [7, 8], our 
procedure allow us from equations © and the def- 
inition of the scale factor to establish the relationship 
between the commutative and noncommutative scale fac- 
tors a„c(i) = e^/^'^*oa(t). In this manner we can define 
a kind of noncommutative metric 



diag{e 



(8) 



Calculations should now be performed only with this 
metric, which in the linear limit gives the noncommu- 
tative equivalent to the Minkowski metric. In order to 
calculate the vacuum energy density, we must sum the 
zero point energies of quantum fields in our modified 
Minkowski metric. This is done as in the commutative 
case but yields a different coefficient which comes from 
the deformed metric 



-ePc 



ofc" 



(9) 



where kmax is the fundamental cut-off scale. One may 
be tempted to use different cut-off energies, i.e. grand 
unification scale or the QCD scale. Because noncom- 
mutativity is assumed at the quantum regime of the uni- 
verse it is expected to be present at Planck's length, then 
it makes sense to take k„iax ~ Afp- As already stated, 
current observations put the energy density at a value 
{Pobs) ~ 10"^'' and should be of the same order of mag- 
nitude as the vacuum energy density. If we consider that 
the universe is described by the noncommutative model, 
then we must analyze the ratio between the observed en- 
ergy density and the vacuum energy density calculated 
in the noncommutative formalism, this gives the relation- 
ship 
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(10) 



we note that the ratio of the observed energy density to 
the cut-off scale is regulated by the exponential e^^'t'o . 
Considering the usual huge discrepancy of order 10~^^^ 
on the calculated and observed densities, a value of 
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SPcfio ~ 240 can easily suppress it. So, the usual quantum 
field theory calculation of the vacuum energy density is 
correct and gives the expected value in the noncommua- 
tive universe. Still, the fact that we need the appropriate 
initial conditions of the universe remains. Fortunately 
the effects of the minisuperspace noncommutativity are 
only reflected through a modified cosmological constant 
([7]). The type of matter introduced gets dissolved very 
rapidly as the universe expands leaving its imprint at 
most on the energy density perturbations. One should 
note that the product of 9 and P^^ is the relevant pa- 
rameter. We have assumed that this product is posi- 
tive, because one would expect that the introduction of 
noncommutativity reduces the available physical states 
(see for example H^). The reduction of states (that is 
related to the vacuum energy) has its origin in the in- 
troduction of a new fundamental scale of order y/6 that 
arises from the uncertainty principle AaA0 > | associ- 
ated to Eq. ([4]) . Having a discrete space-time the number 
of states is diminished in comparison with the contin- 
uos commutative space-time. The effective 9 parameter 
we have introduced plays its role at the beginning of the 
universe and then leaves an imprint. 

It is worthwhile stressing that this toy model shows 



the possible dramatic influence that noncommutativity 
could have in the evolution of our present Universe. The 
old cosmological constant problem has been addressed, 
by showing that the value of A can drastically change 
to an appropriate small value. The fine tuning problem 
can be softened by considering now the ratio of the ob- 
served energy density to the calculated noncommutative 
vacuum energy Eq. (|10p . That vacuum energy density 
drastically diminishes can be due to the "discretness" of 
the noncommutative minisuperspace coordinates. The 
kind of noncommutativity considered here, can in princi- 
ple be extended to other more realistic cosmological and 
gravitational models. Even thought this is only a toy 
model, it provides a novel way of reasoning these prob- 
lems. In particular in relation to the central problem of 
dark energy. 
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